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Abstract
A diagonal ip is an operation that converts one triangulation of a convex polygon into another.
In this paper we generalize this operation to prove some results including the next theorem.
Theorem. Let E1 and E2 be any two sets of edges in a convex polygon such that each Ei has
no t + 1 pairwise crossing edges and Ei [feg contains t + 1 pairwise crossing edges for any
edge e 62Ei. Then; E1 can be transformed into E2 by a sequence of diagonal ips such that
each ip changes one edge to another preserving the above property.
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1. Introduction
Suppose there are n labeled vertices in convex position in the plane. An edge or
a diagonal is a straight line segment connecting two vertices. A triangulation of a
polygon is represented by a set of edges E such that no two edges of E cross each
other and E with any one more edge e contains two crossing edges. A diagonal ip
is an operation that converts one triangulation of a polygon into another by removing
an edge and inserting the other diagonal of the resulting quadrilateral. If sets of edges
E; E1; and E2 represent triangulations of a convex n-gon, it is known that the following
statements hold.
(i) The number of edges in E is 2n− 3.
(ii) Length of an edge e; denoted by l(e); is dened as the shortest distance between
two endpoints of e along the boundary of the n-gon. Then, the number of edges
of length 2 in E is at least 2, if n>5.
(iii) For any edge e of length at least 2 in E; there exists one and only one diagonal
ip that converts E into another triangulation by removing e.
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(iv) E1 can be transformed into E2 by a sequence of diagonal ips.
(v) (Sleator{Tarjan{Thurston’s Theorem [6]) Let d(E1; E2) be the minimum number
of diagonal ips needed to change E1 into E2. Let d(n) be the maximum d(E1; E2)
so that E1 and E2 are triangulations. Then, if n>12; d(n)= 2n− 10.
If we drop the condition that the given vertices are in convex position in the plane,
many results are known concerning diagonal ips in triangulations of general closed
surfaces ([2{5, 7]).
In this paper, we only consider a convex n-gon. Our aim is to generalize a triangu-
lation, a diagonal ip, and the facts (i){(v).
Let Vn and E(Vn) denote all the vertices and edges of the given convex n-gon,
respectively. We call a set of edges T a t-twist; if jT j= t and any two edges in
T cross each other. For each n and t; a family of sets of edges En; t is dened to be
fEE(Vn) jE has no (t+1)-twist, and E [feg has a (t+1)-twist for any e2E(Vn)nEg.
Note that En;1 coincides with the family of all triangulations of a convex n-gon. In [1],
Capoyleas and Pach proved that if E 2En; t and n>2t + 1; then jEj6t(2n − 2t − 1).
For E 2En; t ; if there exist two edges e2E and f2E(Vn)nE; such that (Enfeg)[ffg
is also in En; t ; we call such an operation a diagonal ip in En; t (see Fig. 1).
In the following, we denote E [feg and Enfeg by E + e and E − e; respectively.
Main results in this paper are as follows. If E; E1; and E2 2En; t ; then the statements
(i)0{(v)0 hold, corresponding to (i){(v).
(i)0 (Capoyleas{Pach’s Theorem and Corollary 6) The number of edges in E is
t(2n− 2t − 1) if n>2t + 1.
(ii)0 (Theorem 10) The number of edges of length t+1 in E is at least 2t; if n>2t+3.
(iii)0 (Theorem 3) For any edge e of length at least t + 1 in E; there exists one and
only one diagonal ip that converts E into another by removing e.
(iv)0 (Theorem 5) E1 can be transformed into E2 by a sequence of diagonal ips.
(v)0 (Proposition 7) Let d(n; t) be the maximum d(E1; E2) so that E1 and E2 are in
En; t . Then, if n>8t3 + 4t2; d(n; t)62tn − (8t2 + 2t). (We have no non-trivial
lower bounds on d(n; t) for t>1.)
2. Diagonal ips in En; t
In this section, we prove the statements (i)0,(iii)0,(iv)0, and (v)0 mentioned in the
rst section. We rst note a simple property of En; t .
Lemma 1. Let E 2En; t . Then; any edge e of length at most t in E(Vn) is contained
in E; and this edge e cannot be removed by any diagonal ip in En; t .
Proof. Since no (t+1)-twist contains an edge of length at most t; the assertion holds.
Lemma 1 leaves us the question whether any edge of length at least t + 1 may be
removed by some diagonal ip. We answer armatively in Theorem 3. We need a
lemma to prove this fact.
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Fig. 1. A diagonal ip in E8; 2 (E2 =E1 − ac + bd).
Fig. 2. Vertices and edges described in Lemma 2.
Lemma 2. Let n>2t + 1 and E 2En; t . Let X = fx1; x2; : : : ; xt+1g be t + 1 consecutive
vertices in clockwise order in Vn. Then there exist t vertices fy1; y2; : : : ; ytgVnnX
such that x1; x2; : : : ; xt+1; y1; y2; : : : ; yt are in clockwise order and xiyi; xi+1yi 2E for
i=1; 2; : : : ; t.
A situation described in Lemma 2 is shown in Fig. 2.
Proof. We give an order to Vn starting with v1 = x1 in clockwise order, such that
v1<v2<   <vn. Note that vi= xi for 16i6t + 1. Set y0 = xt+1. We dene yi for
16i6t recursively so that yi is the minimum vertex y satisfying yi−1<y6vn−t+i
and xiy2E. The existence of yi for 16i6t is assured by Lemma 1. We only have
to prove xi+1yi 2E for 16i6t. Assume there exists an integer s2 [1; t] such that
xs+1ys 62E; and xi+1yi 2E for 16i<s. Then, since E 2En; t ; there must exist a (t+1)-
twist T E + xs+1ys such that xs+1ys 2T . We dene a set of indices I := f16i6s j xi
is an endpoint of some edge e2Tg. Let zi 2Vn be the adjacent point of xi in T
for i2 I [fs + 1g. We claim I 6= [1; s]. Indeed, if I = [1; s] then zi>yi for 16i6s;
by the way of choosing y1; y2; : : : ; ys. In particular, zs>ys. This is a contradiction
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to the fact that xszs crosses xs+1ys. Set k := maxfi 62 I j 16i6sg. Then, again by the
way of choosing y1; y2; : : : ; ys and zs+1 =ys; it follows that zi+16yi for k6i6s. We
dene a set of t +1 edges T1 := Tn(
Ss
i=kfxi+1zi+1g)[ (
Ss
i=kfxiyig). We claim T1 is a
(t + 1)-twist. It suces to show that e1 crosses e2 for any e1 2Tn
Ss
i=kfxi+1zi+1g and
e2 = xiyi for i2 [k; s]. Since T is a twist, e1 crosses both xs+1ys and xi+1zi+1. Then,
since zi+16yi6ys; it follows that e1 crosses xiyi. Thus, T1 is a (t+1)-twist. But T1E
holds and it contradicts that E has no (t + 1)-twist. Hence, xi+1yi 2E for 16i6t; as
required.
Theorem 3. Let E 2En; t . Then; for any edge e of length at least t + 1 in E; there
exists one and only one edge f2E(Vn)nE such that E − e + f is in En; t .
Proof. We proceed by induction on n. If n62t+1; since no edge in E(Vn) has length
>t+1; nothing to prove. If n=2t+2; the only possibility of (t+1)-twist in E(Vn) is
the set of all the edges of length t+1. So, there are exactly t edges of length t+1 in
E and one edge f of length t+1 in E(Vn)nE for each E 2En; t . Therefore, any edge of
length t+1 in E can be ipped to f; as required. Assume n>2t+3; and the theorem
is true for n − 1. For given E 2En; t and e2E; we choose t + 1 consecutive vertices
X = fx1; x2; : : : ; xt+1gVn so that e is not incident to X . In the following, we reduce
n vertices Vn to n − 1 vertices Vn−1; and give a relation between E(Vn) and E(Vn−1)
so that we can employ the inductive hypothesis. We label Vn and Vn−1 in clock-
wise order such that Vn := fx1<x2<   <xt+1<v1<v2<   <vn−t−1g; Vn−1 := fx01
<x02<   <x0t<v01<v02<   <v0n−t−1g; and dene X 0 := fx01; x02; : : : ; x0tgVn−1. From
Lemma 2, there exists a set of t vertices fvk1 ; vk2 ; : : : ; vktgVnnX such that k1<k2
<   <kt and xivki ; xi+1vki 2E for 16i6t. Set yi := vki ; y0i := v0ki for 16i6t; y0 := xt+1;
y00 := x
0
t ; yt+1 :=1; and y0t+1 :=1; where 1 denotes a value greater than any other
vertex in Vn or Vn−1. Moreover, we dene sets of edges as follows:
A0 :=
tS
i=1
fxiyi; xi+1yig;
A1 :=
t+1S
i=1
fxiv jyi−1<v<yig;
A := E(Vn)n(A1 [E(X )); where E(X )= fuv j u; v2X g;
B0 :=
tS
i=1
fx0iy0ig;
B := E(Vn−1)nE(X 0); where E(X 0)= fu0v0 j u0; v0 2X 0g:
Note that E \A1 = holds, because any edge f2A1 with all the edges in A0 induces
a (t + 1)-twist. Dene a function ' : A! B such that
'(g)=
8<
:
v0iv
0
j if g= vivj where vi; vj 62X;
x0i v
0
j if g= xivj where xi 2X; vj 62X and yi6vj;
x0i−1v
0
j if g= xivj where xi 2X; vj 62X and vj6yi−1:
(See Fig. 3.)
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Fig. 3. The image of '.
We note some properties of '.
P1. ' is a surjection from A to B.
P2. '(A0)=B0.
P3. 'jAnA0 : AnA0 ! BnB0 is a bijection.
P4. Any edge of length >t + 1 in E(Vn−1) is contained in B.
P5. If g1; g2 2A and g1 crosses g2, then '(g1) crosses '(g2). Especially, If T is a
(t + 1)-twist in A, then '(T ) is a (t + 1)-twist in B.
Proof. Assume there exist two edges g1; g2 such that g1 crosses g2, and '(g1) and
'(g2) are disjoint. The only critical case is that there exists i2 [1; t] such that g1 = xizi,
g2 = xi+1zi+1, zi<zi+1, '(g1)= x0i z
0
i , and '(g2)= x
0
i z
0
i+1. But in this case, by the deni-
tion of ', it follows that zi>yi and zi+16yi, a contradiction to zi<zi+1.
P6. If T 0 is a (t + 1)-twist in B, then '−1(T 0) [ A0 contains a (t + 1)-twist.
Proof. Let T 0 be a (t + 1)-twist in B. Throughout the proof of P6, we use a notation
'−1(x0iy
0
i) as xiyi for 16i6t to assure that '
−1(g0) represents one edge in E(Vn)
for any g0 2B. We dene a set of indices I0 := f16i6t j x0i is an endpoint of some
edge g0 in T 0g. Let z0i be the other endpoint of x0i in T 0 for i2 I0. Furthermore, we
dene I1 := fi2 I0 j z0i<y0ig and I2 := fi2 I0 jy0i6z0ig. By the denition of ', we may
denote '−1(x0i z
0
i)= xi+1zi for i2 I1, and '−1(x0i z0i)= xizi for i2 I2. If I1 = or I2 =,
then '−1(T 0) is clearly a (t + 1)-twist. Hence, we may assume I1 6= and I2 6=. Set
k = min I1 and l= max I2. If l<k, then '−1(T 0) is again a (t + 1)-twist, hence we
may assume k<l. Let T 01 := fg0 2T 0 j g0= x0i z0i ; i2 I0 \ [k; l]g. Then jT 01j6l − k + 1,
and '−1(T 0nT 01) is a twist. We dene T :='−1(T 0nT 01) [ (
S
k6i6lfxiyig). We claim
T is a twist of size at least t + 1 in '−1(T 0) [ A0. We only need to show that T is a
twist. Let g0 2T 0nT 01. Since T 0 is a twist, g0 crosses both x0kz0k and x0lz0l. Because xk is
not an endpoint of '−1(g0), it follows that '−1(g0) crosses both xkzk and xlzl. Then,
since xk6xi6xl and zk<yk6yi6yl6zl for any k6i6l, it concludes that '−1(g0)
crosses xiyi for k6i6l. Hence, T is a twist, as required.
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Fig. 4. An example of a standard form in E24; 3. Edges of length at least t + 1(= 4) are shown.
P7. Dene A := fE1 2En; t jE1A0g and B := fE2 2En−1; t jE2B0g. Then, ' induces
a bijection from A to B.
Proof. We have E1 \ A1 = for any E1 2A, since A0 + e contains a (t +1)-twist for
any e2A1. For any E1 2A, dene E2E(Vn−1) such that E2 := f'(g)jg2E1 \ Ag [
fg0 2E(Vn−1) j l(g0)6tg. Then, by property P2, we have E2B0, and by property P6, it
follows that E2 has no (t+1)-twist. Assume there exists an edge g0 2E(Vn−1)nE2 such
that E2+g0 has no (t+1)-twist. Then, since g0 has length >t+1, by property P4, g0 is
in B. And since g0 2BnB0, by property P3, an edge '−1(g0) is in AnA0. Hence, by the
property P5, E1 +'−1(g0) has no (t+1)-twist, a contradiction to E1 2En; t . Therefore,
E2 2B. We denote E2 by '(E1). Then ' is a surjection from A to B. Indeed, for
any E2 2B, take E1 := f'−1(g0): g0 2E2 \ (BnB0)g [ A0 [ fg2E(Vn) j l(g)6tg. Then
we nd E2 ='(E1). Furthermore, ' is one-to-one by property P3.
Now, we go back to the proof of Theorem 3. For given E 2En; t and e2E, by the
way of choosing X , we have E 2A and e 62A0. By property P7, '(E) is in B. By
the inductive hypothesis, there exists an edge f0 2E(Vn−1)n'(E) uniquely such that
'(E) − '(e) + f0 2En−1; t . Since f0 2BnB0, there exists an edge '−1(f0)2AnA0.
Then, E− e+'−1(f0)='−1 ('(E)−'(e)+f0)2A. Therefore f :='−1(f0) is the
required edge. In the range of A='−1(B), the uniqueness of f with E − e+f2En; t
is already assured by the uniqueness of f0, the inductive hypothesis. We need to check
that no edge f2E(Vn)nA has this property. We may assume f2A1, since we only
need to consider an edge of length at least t + 1. But A0 + f contains a (t + 1)-twist
for any f2A1. Thus, E− e+f 62En; t for any f2A1. Therefore, the uniqueness of f
is proved, and this completes the proof.
For E 2En; t and e2E, we denote f in Theorem 3 by f(E; e).
Next we show that for any E1; E2 2En; t , E1 and E2 are equivalent to each other under
diagonal ips in En; t . Let X = fx1; x2; : : : ; xtg be t consecutive vertices in clockwise
order in Vn. E 2En; t is dened as a standard form with X , if any edge e2E(Vn) that
is incident to X , is contained in E (see Fig. 4) [1]. If E is a standard form with X ,
any edge of length at least t + 1 in E is incident to X . For E 2En; t and v2Vn, we
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dene a degree of v in E, degE(v) := ]fe2E j l(e)>t + 1 and e is incident to vg.
Then, E 2En; t is a standard form with X if and only if degE(x)= n− 2t − 1 for any
x2X .
Lemma 4. Let E 2En; t and n>2t+2. Let X = fx1; x2; : : : ; xtg be t consecutive vertices
in clockwise order in Vn. If E is not a standard form with X; then there exists an
edge e2E of length >t + 1 such that e is not incident to X and f(E; e) is incident
to X .
Theorem 5. For any E1; E2 2En; t ; E1 can be transformed into E2 by a sequence of
diagonal ips.
Proof. From Lemma 4, each Ei can be transformed into a standard form in En; t .
Proof of Lemma 4. We proceed by induction on n. If n=2t + 2, for any E 2En; t
that is not the standard form with X , there exists a unique edge e2E of length t + 1
that is not incident to X . It is easily checked that this edge e is the desired edge. We
assume n>2t + 3 and the assertion of the lemma holds for n − 1. We give an order
to Vn such that Vn= fx1<x2<   <xt+1<v1<v2<   <vn−t−1g in clockwise order.
Case 1: degE(xt+1)= 0. Set F := fF 2En; t j degF(xt+1)= 0g and Vn−1 :=Vnnfxt+1g.
Then, F and diagonal ips in F are naturally identied with En−1; t and diagonal ips
in En−1; t , respectively. Hence, the assertion of the lemma follows from the inductive
hypothesis.
Case 2: degE(xt+1) 6=0. By Lemma 2, there exists a set of t vertices fy1; y2; : : : ; ytg
Vnn(X [ fxt+1g) such that xiyi; xi+1yi 2E for 16i6t. Set y0 := xt+1 and yt+1 :=1,
where 1 denotes a value greater than any other vertex in Vn. Set e := xt+1yt . We claim
that e is the required edge. Since degE(xt+1) 6=0, it follows that e has length >t + 1.
Set f :=f(E; e). We want to show that f is incident to X . Assume f is not incident to
X . Since E 2En; t , E+f contains a (t+1)-twist T such that e; f2T . Set I := f16i6
t + 1 j xi is an endpoint of some edge in Tg. Let zi be the other endpoint of xi
in T for i2 I . Note that there holds zi6yi−1 or yi6zi for any i2 I , since E has
no (t + 1)-twist. Since f is assumed not to be incident to X [ fxt+1g, there exists
i2 [1; t + 1] such that i 62 I . Set s := maxf16i6t + 1 j i 62 Ig. Now, we have zi6yi−1
or yi6zi for s+16i6t+1, but since yt = zt+1>zt>   >zs+1, it follows that zi must
6yi−1 for s + 16i6t + 1. Especially, ys>zs+1. We dene T 0 := Tn(
St+1
i=s+1fxizig) [
(
St+1
i=s+1fxi−1yi−1g). We claim T 0 is a (t+1)-twist. For any edge g2Tn(
St+1
i=s+1fxizig),
since T is a twist, g crosses all edges in
St+1
i=s+1fxizig. Then, since ys>zs+1 and
yt = zt+1, g crosses all edges in
St+1
i=s+1fxi−1yi−1g. Hence, T 0 is a (t +1)-twist. More-
over, T 0E − e + f2En; t , a contradiction.
Corollary 6. If E 2En; t and n>2t + 1; then jEj= t(2n− 2t − 1).
Proof. By Theorem 5, it suces to count the number of edges in a standard form in
En; t .
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For E1; E2 2En; t , let d(E1; E2) denote the minimum number of diagonal ips needed
to change E1 into E2. Dene d(n; t) := maxfd(E1; E2) jE1; E2 2En; tg. We estimate
d(n; t) by using Lemma 4.
Proposition 7. If n>8t3 + 4t2 then d(n; t)62tn− (8t2 + 2t).
Proof. Let Vn= fv1; v2; : : : ; vng. Let Xi be t consecutive vertices in Vn starting with vi in
clockwise order for 16i6n, and Si 2En; t be the standard form with Xi. By Lemma 4,
for any E1; E2 2En; t ,
d(E1; E2)6 d(E1; Si) + d(Si; E2)
=
P
j=1;2
P
x2Xi
(degSi(x)− degEj (x))
= 2t(n− 2t − 1)− P
j=1;2
P
x2Xi
degEj (x):
We dene a function  : [1; n]! Z such that (i)= Pj=1;2Px2Xi degEj (x). Then,
nP
i=1
(i) =
nP
i=1
P
j=1;2
P
x2Xi
degEj (x)
= t  P
j=1;2
P
v2Vn
degEj (v)
= 4t2(n− 2t − 1):
Hence, there exists i2 [1; n] such that
(i)>

4t2(n− 2t − 1)
n

= 4t2 if n>8t3 + 4t2:
Therefore, if n>8t3 + 4t2, we have
d(n; t)6 2t(n− 2t − 1)− 4t2
= 2tn− (8t2 + 2t):
If t=1, Sleator{Tarjan{Thurston’s Theorem says that the inequality in Proposition 7
can be replaced to equality [6]. For lower bounds of d(n; t) for t>1, we only have a
rather loose bound t(n − 2t − 1) for large n. Indeed, we can easily nd two sets E1,
E2 2En; t such that they have no common edge of length at least t+1 for large n, thus
we have d(E1; E2)>t(n− 2t − 1).
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3. Length of edges in E 2En; t
In a triangulation of a convex n-gon, there exist at least two edges of length 2. More
generally, if 26l<dn=2e, there exist at least 2(l− 1) edges of length at least 2 and at
most l. In this section, we extend the above observation to En; t by using diagonal ips.
We need some more notations. For a; b2Vn, let (a; b) (or [a; b]) denote an open(or
closed) interval from a to b in clockwise order along the boundary of the n-gon. For
a2Vn, let a+ (or a−) denote the adjacent vertex of a on the boundary of the n-gon in
clockwise (or anticlockwise) direction.
We also denote the ith adjacent vertex from a by a+i (or a−i). For X; Y Vn, let
E(X; Y ) denote a set of all edges in E, such that they link X with Y . The following
lemma gives a sucient condition to nd a diagonal ip explicitly.
Lemma 8. Let E 2En; t ; fa; b; c; dg2Vn; and a; b; c; d be placed in clockwise order.
Suppose ad; bc2E; E([a; b]; (c; d))=; and E((a; b); [c; d])=. Then;
(i) fac; bdg\E 6=; and
(ii) if ac2E and bd =2E; then bd=f(E; ac).
Proof. Proof of (i): Suppose ac =2E. Since E 2En; t , there exists a (t+1)-twist T E+
ac such that ac2T . If all edges in T−ac cross bc, then T−ac+bc is a (t+1)-twist in
E, a contradiction. Hence, there exists e1 2T such that e1 and bc are disjoint. Since e1
crosses ac, with the hypothesis of lemma, we have e1 2E((a; b]; [d; a)). Similarly, there
exists e2 2T such that e2 2E((c; d]; [b; c)). If e1 6= e2, then e1 crosses e2, since e1 and
e2 are contained in a common twist T . But it contradicts to e1 2E((a; b]; [d; a)) and
e2 2E((c; d]; [b; c)). Hence, e1=e22E((a; b]; [d; a))\E((c; d]; [b; c))=fbdg. Therefore,
bd=e12T − acE.
Proof of (ii): Set f=f(E; ac) and E0=E−ac+f. If f 6= bd, we can nd 4 vertices
fa0; b0; c0; d0g satisfying the assumption of this lemma for E0 2En; t and fa0c0; b0d0g\
E0=. Indeed, if f links a vertex x2 [a; b] with a vertex y2 [c; d], then we take
fa; x; y; dg or fx; b; c; yg. Otherwise, we take fa; b; c; dg. It is a contradiction
to (i).
The following lemma is the key lemma for Theorem 10.
Lemma 9. Let E1 2En; t . Then there exists E2 2En; t such that
(a) e(E2; t+1)>e(E2; t+2)>   >e(E2; bn=2c) where e(E2; l) is the number of edges
of length l in E2; and
(b) there exists a sequence of diagonal ips from E1 to E2; such that in each
ip; the length of the inserted edge is not less than the length of the removed
edge.
Proof. For a given E1, dene F := fE 2En; t jE1 can be transformed into E by a
sequence of diagonal ips satisfying the condition (b)g. Now, take one E 2F satisfying
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the next conditions (i){(iii) with priority (i)>(ii)>(iii).
(i) Let w(E) :=
P
e2E l(e). Then w(E) is the maximum in F.
(ii) Let D(E) := fxy2E j x 6=y−; xy− =2E, and the number of vertices in [x; y−] is at
most n=2g.
Furthermore, we dene
lD(E) :=
(
maxfl(e) j e2D(E)g if D(E) 6=;
0 if D(E)=:
Then, lD(E) is the minimum in F.
(iii) ]fe2D(E) j l(e)= lD(E)g is the minimum in F.
Claim. D(E)=.
Suppose xy2D(E) and l(xy)= lD(E). Since xy− =2E, it follows that l(xy)>t + 2.
Let z be the nearest vertex of x such that z 2 (x; y−) and y−z 2E. We dene a set of
vertices Z := fv2 [x; z] jyv2Eg. We label Z as fz0 = x<z1<z2<   <zg in clock-
wise order. First, we note that z= z. Indeed, if z 6= z, then fz; z; y−; yg satises
the assumption of Lemma 8. Hence Lemma 8(i) implies that yz 2E or y−z 2E,
a contradiction. Thus, we have z= z. Then, by Lemma 8(ii), there is a sequence
of  diagonal ips such that, by the ith ip, yz−i+1 is converted to y−z−i for
16i6. As a consequence, we obtain F :=En(Si=1 fyzig)[ (S−1i=0 fy−zig). We note
that l(yz−i+1)6l(y−z−i) holds for any 16i6, because xy2D(E). Conversely,
l(yz−i+1)>l(y−z−i) holds, since E satises condition (i). Therefore, l(yz−i+1)=
l(y−z−i) for 16i6. Hence, Z must be equal to [z0; z]. Namely F 2F and w(E)=
w(F). Since E satises condition (ii), we have lD(E)6lD(F). But in each ip from E
to F , no edge of length >l(xy) is inserted or removed. Hence, we have lD(E)= lD(F).
Set l := lD(E)= lD(F). By condition (iii), ]fe2D(F) j l(e)= lg is at least ]fe2D(E) j
l(e)=lg. Since xy2D(E) and xy =2D(F), there must exist f2D(F) such that f =2D(E)
and l(f)=l. The only possible candidate for f is x+y+, since x+y is the only
edge which is removed from E and has length l − 1. Hence, we have found that
F fxy; x+y+g, F satises conditions (i){(iii), and x+y+ 2D(F) such that l(x+y+)=
lD(F). We can apply the above argument for F1 :=F and x+y+ to get F2 2F such
that F2fxy; x+y+; x+2y+2g. Repeating this operation t times, we nally get Ft 2F
such that Ft T := fxy; x+y+; x+2y+2; : : : ; x+ty+tg. Then, T is a (t + 1)-twist and this
contradicts the fact that Ft contains no (t + 1)-twist. Hence, the claim
holds.
We have checked there exists E 2F such that D(E)=. It is easy to see that this
E satises conditions (a) and (b).
Theorem 10. Let 16t<l<dn=2e and E 2En; t . Then;
lP
i=t+1
e(E; i)>2(l− t)t:
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Especially; for l= t + 1;
e(E; t + 1)>2t:
Proof. Set E1 =E, and employ Lemma 9 to obtain E2. Then, by condition (b) of
Lemma 9, we have
lP
i=t+1
e(E1; i)>
lP
i=t+1
e(E2; i):
Case 1: n=odd. By condition (a) of Lemma 9, we have
lP
i=t+1
e(E2; i)>
l− t
(n− 1)=2− t 
(n−1)=2P
i=t+1
e(E2; i)
=
l− t
(n− 1)=2− t  t(n− 2t − 1)
= 2t(l− t):
Case 2: n=even.
lP
i=t+1
e(E2; i)>
l− t
n=2− 1− t 
n=2−1P
i=t+1
e(E2; i)
>
l− t
n=2− 1− t 
 
n=2P
i=t+1
e(E2; i)− t
!
=
l− t
n=2− 1− t  ft(n− 2t − 1)− tg
= 2t(l− t):
If E is a standard form of En; t , then E attains the bound in Theorem 10.
Let h(n; t; l) :=maxfjEj: EE(Vn) such that for any e2E, l(e)>l and there ex-
ists no (t + 1)-twist in Eg. The following corollary is an immediate consequence of
Theorem 10.
Corollary 11. Let 16t<l6bn=2c. Then;
h(n; t; l)= t(n− 2l+ 1):
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